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 Casimir operator
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By means of ontrations of Lie algebras, we obtain new lasses of indeomposable
quasi-lassial Lie algebras that satisfy the Yang-Baxter equations in its reformulation
in terms of triple produts. These algebras are shown to arise naturally from non-
ompat real simple algebras with non-simple omplexiation, where we impose that
a non-degenerate quadrati Casimir operator is preserved by the limiting proess. We
further onsider the onverse problem, and obtain suient onditions on integrable
oyles of quasi-lassial Lie algebras in order to preserve non-degenerate quadrati
Casimir operators by the assoiated linear deformations.
PACS numbers: 02.20.-Sv
1. INTRODUCTION:
Redutive Lie algebras have been shown to be the most onvenient lass of algebras for
physial appliations. They arise naturally as the Lie algebras of ompat groups, and on-
tain the lass of semisimple algebras. Moreover, they have an important property, namely an
invariant metri
1
, of ruial importane in problems like dening Wess-Zumino-Witten mod-
els. Classially made on semisimple and redutive algebras, models based on non-redutive
algebras have been shown to be of physial interest [1℄. Other important appliations of
Lie algebras endowed with a symmetri non-degenerate invariant form, whih we all here
quasi-lassial
2
, are for example onformal eld theory, where they orrespond to the Lie
algebras admitting a Sugawara onstrution, or the Yang-Baxter equations, where quasi-
*
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This metri arises immediately from the Killing tensor for the semisimple ase.
2
Other authors all algebras like these symmetri self-dual.
2lassial algebras provide lasses of solutions [24℄.
A Lie algebra L is alled quasi-lassial if it possesses a bilinear symmetri form 〈., .〉 that
satises the onstraints
〈[X, Y ] , Z〉 = 〈X, [Y, Z]〉, (1)
If〈X, Y 〉 = 0, ∀X ∈ L⇒ Y = 0. (2)
The rst ondition shows that the bilinear form satises an assoiativity ondition (also
alled invariane), while the seond expresses non-degenerateness. Given a basis {X1, .., Xn}
of L and the orresponding struture tensor
{
Ckij
}
, we obtain the expression of 〈., .〉 as:
〈Xi, Xj〉 = gij. (3)
Sine the form is non-degenerate, we nd an inverse to the oeient matrix of 〈., .〉:
gij = (gij)
−1
. Obviously semisimple Lie algebras satisfy these requirements for the Killing
form. Also redutive and abelian Lie algebras are trivially quasi-lassial although in this
ase the Killing metri is no more non-degenerate. In [4℄ it was shown that a neessary
and suient ondition for the existene of suh a form is that L admits a non-degenerate
quadrati Casimir operator C = gαβxαxβ. Using the realization by dierential operators
X̂i = C
k
ijxk
∂
∂xj
, this means that C is a solution of the following system of partial dierential
equations:
Ckijxk
∂
∂xj
C = 0. (4)
Using this haraterization, we obtain a useful riterion to test whether a Lie algebra is
quasi-lassial or not, and in ertain situations more pratial than various pure algebrai
strutural results (see e.g. [5℄ and referenes therein). In partiular, for any given dimension,
the lassiation of quasi-lassial Lie algebras follows from the lassiation of isomorphism
lasses one the invariants of the oadjoint representation have been omputed. Therefore
the problem of nding metris redues to an analytial problem, whih is solved in low
dimension [6, 7℄.
This paper is strutured as follows: In setion 2 we reformulate the Yang-Baxter equations
in terms of triple produts, whih enables us to obtain some suieny riteria basing only
on the struture tensor of a quasi-lassial algebra. This triple produt formulation is used in
ombination with ontrations of Lie algebras to onstrut large lasses of indeomposable
3quasi-lassial algebras that preserve the quadrati non-degenerate Casimir operator of a
semisimple lassial Lie algebra. In setion 3 we fous on a kind of inverse problem, namely,
deformations of quasi-lassial Lie algebras that preserve the quadrati Casimir operator,
and therefore, the assoiated metri. This leads to a haraterization of suh deformations
in terms of integrable oyles in the adjoint ohomology.
2. YANG-BAXTER EQUATIONS AND QUASI-CLASSICAL ALGEBRAS
2.1. Yang-Baxter equations and triple produts
Yang-Baxter equations (YBE) have been known a long time to embody the symmetries
of two dimensional integrable models [8℄, and also appear in many problems onerning
statistial physis and quantum groups. In addition to the lassial semisimple ase, non-
redutive quasi-lassial Lie algebras were reognized to provide some solutions of the YBE
when these are rewritten in terms of triple produts [9℄. With this reformulation, some useful
suient onditions an be found in dependene of the struture tensor of the quasi-lassial
Lie algebra.
Given a nite dimensional vetor spae V with inner produt 〈., .〉, then, for any basis
{v1, .., vn}, we set the oeients in the usual way
〈vi, vj〉 := gij = gji
and dene the raising of indies
vj =
n∑
i=1
gijvi.
Given a spetral parameter θ, we onsider the map R (θ) : V ⊗ V → V ⊗ V dened by
R (θ) (vi ⊗ vj) =
n∑
k,l=1
Rklij (θ) vk ⊗ vl. (5)
We obtain the Yang-Baxter equations in its usual form [8℄ from the relations
R12 (θ)R13 (θ
′)R23 (θ
′′) = R23 (θ
′′)R13 (θ
′)R12 (θ) , (6)
where θ′′ = θ′ − θ. The equations an be rewritten using triple produts, whih provides
sometimes a more onvenient presentation for solutions governed by ertain types of purely
4solvable quasi-lassial Lie algebras. Introduing the triple produts [9℄
[
vj , vk, vl
]
θ
=
n∑
i=1
R
ij
kl (θ) vi,
[
vi, vk, vl
]∗
θ
=
n∑
j=1
R
ij
kl (θ) vi, (7)
the YBE redues to the relation
n∑
j=1
[
u, [v, vj , w]θ′ ,
[
ej , x, y
]
θ
]∗
θ′′
=
n∑
j=1
[
v, [u, vj, x]θ′ ,
[
ej , w, y
]∗
θ′′
]
θ
, (8)
where u, v, w, x, y ∈ V . A partiularly interesting ase is given when the sattering matrix
elements R
ij
kl (θ) satisfy the following onstraint:
R
ij
kl (θ)−Rjilk (θ) = 0. (9)
In this ase, the equation (8) beomes
n∑
j=1
[
u, [v, vj , w]θ′ ,
[
ej , x, y
]
θ
]
θ′′
=
n∑
j=1
[
v, [u, vj, x]θ′ ,
[
ej , w, y
]
θ′′
]
θ
, (10)
subjeted to the ondition
〈u, [v, w, x]θ〉 = 〈v, [u, x, w]θ〉 .
Even in this ase, the solving of the equations is far from being trivial. However, it was
found in [9℄ that if L satises the ondition
[L, [[L, L] , [L, L]]] = 0, (11)
then we have ommutation relation
[Rjk (θ) , Rlm (θ
′)] = 0, j, k, l,m = 1, 2, 3. (12)
This is partiular implies that the YBE (8) is satised. Classes of solvable Lie algebras in
arbitrary dimension that satisfy these onditions have been onstruted in [9℄, as well as
examples where the ommutation relation (12) is not neessarily satised.
2.2. Contrations of quasi-lassial Lie algebras
In this paragraph we obtain additional lasses of indeomposable nilpotent Lie algebras
satisfying ondition (11). In omparison with previous onstrutions, the lass of algebras
obtained here follows naturally from ontrations of simple real Lie algebras that preserve
5the quadrati Casimir operator. We an therefore onstrut quasi-lassial algebras with
presribed inner produt.
We reall that a ontration L L′ of a Lie algebra is given by the ommutators
[X, Y ]′ := lim
t→∞
Φ−1t [Φt(X),Φt(Y )] , (13)
where Φt is a parameterized family of non-singular linear maps in L for all t <∞.3 Among
the various types of ontrations existing, we onsider here the so-alled generalized Inonu-
Wigner ontrations given by automorphims of the type
4
Φt(Xi) = t
−niXi, ni ∈ Z. (14)
Contrations an also be extended to invariants. Let F (X1, ..., Xn) = α
i1...ipXi1...Xip be a
Casimir operator of degree p. Expressing it over the transformed basis we get
F (Φt(X1), ..,Φt(Xn)) = t
ni1+...+nipαi1...ipXi1...Xip . (15)
Now let
M = max
{
ni1 + ...+ nip | αi1..ip 6= 0
}
, (16)
and onsider the limit
F ′(X1, .., Xn) = lim
t→∞
t−MF (Φt(X1), ...,Φt(Xn)) =
∑
ni1+...+nip=M
αi1...ipXi1...Xip . (17)
It is not diult to see that this expression is a Casimir operator of degree p of the on-
tration. Imposing that the invariant remains unhanged by the ontration implies ertain
restrition that must not neessarily our [11℄. For our purpose, preservation of a non-
degenerate quadrati Casimir operator implies automatially that the ontration is quasi-
lassial, and the indued inner produt the same. To this extent, let s be a omplex semisim-
ple Lie algebra of lassial type Al, Bl, Cl, Dl and let sl (l + 1,C) , so (2l + 1,C) , sp (2l,C)
and so (2l,C) be the non-ompat simple real Lie algebra with omplexiation s⊕ s. Let
{X1, .., Xn} and {Y1, .., Yn} be a basis of eah opy of s suh that
[Xi, Xj] = C
k
ijXk, [Yi, Yj] = C
k
ijYk, [Xi, Yj] = 0,
3
It is assumed that the limit (13) exists for any pair X,Y of generators in L.
4
For properties of this type of ontrations see e.g. [10℄.
6i.e., the struture tensor is the same in both opies. Considering the hange of basis given
by
Xi = Xi + Yi, Y i =
√−1 (Yi −Xi) , i = 1, .., n, (18)
the struture tensor over the basis
{
X1, .., Xn, Y 1, .., Y n
}
is expressed by
[
Xi, Xj
]
= CkijXk,
[
X i, Y j
]
= CkijY k,
[
Y i, Y j
]
= −CkijXk. (19)
Sine s⊕ s is quasi-lassial for being semisimple, it admits quadrati Casimir operators
C1 = g
abXaXb, C2 = g
abYaYb.
Suitable linear ombinations of them provide a nondegenerate quadrati operator on the
diret sum. Rewriting these operators in the new basis, we obtain the operators
C1 = g
ij
(
X iXj − Y iY j
)
, C2 = g
ij
(
X iY j + Y iXj
)
, (20)
whih are easily seen to be non-degenerate. It is natural to ask whether there exist non-
trivial ontrations of s⊕ s suh that the ontration preserves at least one of the preeding
Casimir operators. In this way, the ontration is also quasi-lassial with the same bilinear
form as the ontrated algebra. The suitable operator to be tested is C2. There is the well
known obvious ontration s⊕ s s−→⊕ ad(s)nL1 determined by the parameterized hanges of
basis
Ft
(
Xi
)
= Xi, Ft
(
Y i
)
=
1
t
Y i, i = 1, .., n.
The ontrated invariants are as follows:
lim
t→∞
1
t2
C1 = −gijY iY j,
lim
t→∞
1
t
C2 = g
ij
(
X iY j + Y iXj
)
. (21)
Therefore the ontration preserves the invariant C2 and is quasi-lassial. There is another
possibility of ontrating s⊕ s that also leads to a quasi-lassial ontration. Consider the
parameterized hange of basis
Gt
(
Xi
)
=
1
t
X i, Gt
(
Y i
)
=
1√
t
Y i, i = 1, .., n.
Then the ontration L′ has the following brakets
[
X i, Xj
]
= 0,
[
X i, Y j
]
= 0,
[
Y i, Y j
]
= −CkijXk. (22)
7Therefore L′ is an indeomposable nilpotent Lie algebra with n-dimensional entre. Con-
trating the invariants of s⊕ s we obtain
lim
t→∞
1
t2
C1 = g
ijX iY j,
lim
t→∞
1
t
C2 = g
ij
(
X iY j + Y iXj
)
. (23)
Thus the ontration is again quasi-lassial, and it further satises the onditions
C1L′ = [L′, L′] =
〈
X1, .., Xn
〉
, C2L′ =
[
L′, C1L′
]
= 0,
showing that L′ is a metabelian Lie algebra. It atually satises the ondition (11), and
therefore the Yang-Baxter equations (8). The same formal onstrution holds for diret
sums of opies of exeptional omplex Lie algebras.
Using spei realizations, like boson and fermion operators, other lasses of quasi-
lassial algebras that preserve the quadrati Casimir operator of a simple Lie algebra an
be onstruted [11℄. This ours for example for the sympleti Lie algebras sp(N,R) given
by the reation and annihilation operators: onsider the linear operators ai, a
†
j (i, j = 1..N)
satisfying the ommutation relations
[
ai, a
†
j
]
= δijI, [ai, aj] =
[
a
†
i , a
†
j
]
= 0 (24)
Considering the operators
{
a
†
iaj , a
†
ia
†
j , aiaj
}
, we generate sp (N,R), the brakets of whih
follow easily from (24). If we introdue the labelling
Xi,j = a
†
iaj , X−i,j = a
†
ia
†
j, Xi,−j = aiaj , 1 ≤ i, j ≤ N, (25)
the brakets of sp (N,R) are omprised as:
[Xi,j, Xk,l] = δjkXil − δilXkj + εiεjδj,−lXk,−i − εiεjδi,−kX−j,l, (26)
where −N ≤ i, j, k, l ≤ N , εi = sgn (i) and Xi,j + εiεjX−j,−i = 0. Dening now the family
of automorphisms
Φt(Xi,i) =
1√
t
Xi,i, (1 ≤ i ≤ N), Φt(Xi,j) = 1
t
Xi,j, (i < j), Φt(Xi,j) = Xi,j, (i > j)
Φt(X−i,j) =
1
t
X−i,j, Φt(Xi,−j) = Xi,−j, (1 ≤ i, j ≤ N),(27)
it is straightforward to verify that
lim
t→∞
Φ−1t [Φt(X),Φt(Y )] , (28)
8exists for any pair of generators X, Y ∈ sp(N,R) and denes a nilpotent Lie algebra. More-
over, it follows that the (non-symmetrized) quadrati non-degenerate quadrati Casimir
operator
C = 2 (xi,−jx−i,j − xi,jxj,i) + xi,−ix−i,i − x2i,i (29)
is preserved by the ontration. In ontrast to the previous example, the ontration has no
xed nilpoteny index, and therefore must not satisfy the suient ondition (11).
We remark that the ontration method has previously been used in [12℄ to obtain limits
of WZW-models, but without imposing preservation of invariants by ontration.
3. DEFORMATIONS OF QUASI-CLASSICAL ALGEBRAS
Although the obtainment of quasi-lassial Lie algebras using ontrations is quite natural,
we an also onsider a kind of inverse proedure, namely onstrut quasi-lassial algebras
by deformation of a given one. Like in the preeding ase, the Ansatz is to impose that
a non-degenerate quadrati Casimir operator remains invariant by the deformation. This
imposition will lead to ertain tensor equations that the oyle generating the deformation
must satisfy.
Reall that a oyle ϕ ∈ H2(L, L) is a bilinear skew-symmetri form that satises the
onstraint [13℄:
dϕ(Xi, Xj, Xk) := [Xi, ϕ(Xj, Xk)] + [Xk, ϕ(Xi, Xj)] + [Xj , ϕ(Xk, Xi)] +
+ϕ(Xi, [Xj , Xk]) + ϕ(Xk, [Xi, Xj]) + ϕ(Xj, [Xk, Xi]) = 0. (30)
for all generators Xi, Xj, Xk of L. We further say that ϕ is integrable if it additionally
satises the ondition
ϕ (ϕ(Xi, Xj), Xk) + ϕ (ϕ(Xj, Xk), Xi) + ϕ (ϕ(Xk, Xi), Xj) = 0. (31)
Under these onditions, it is straightforward to verify that the linear deformation L + ϕ
is a Lie algebra [13℄ with the deformed braket
[X, Y ]ϕ = [X, Y ] + ϕ(X, Y ). (32)
Supposed that L is a quasi-lassial Lie algebra with (unsymmetrized) quadrati Casimir
operator C = gαβxαxβ, we want to determine onditions on the integrable oyle in order
9to impose that L+ϕ is also quasi-lassial, and has the same quadrati invariant C. To this
extent, we realize the deformation L+ ϕ by dierential operators, and obtain the system of
PDEs
X̂i = C
k
ijxk
∂C
∂xj
− αkijxk
∂C
∂xj
= 0. (33)
Here
ϕ (Xi, Xj) = α
k
ijXk (34)
is the expression of the oyle ϕ over the given basis. Inserting the operator C into the
previous system (33), we obtain
X̂i(C) = C
k
ijxkg
αβ ∂ (xαxβ)
∂xj
− αkijxkgαβ
∂ (xαxβ)
∂xj
, (35)
Sine C is an invariant of the undeformed Lie algebra L, the rst term redue to zero,
i.e.,
Ckijxkg
αβ ∂ (xαxβ)
∂xj
= 0,
and equation (35) redues to
X̂i(C) = −αkijxkgαβ
∂ (xαxβ)
∂xj
. (36)
If C is a ommon invariant of L and L+ ϕ, then equation (36) must vanish. Taking into
aount that for any 1 ≤ j ≤ N the derivatives are given by
∂
∂xj
(
gklxkxl
)
=
∑
l 6=j
gljxl + 2g
jjxj , (37)
inserting it into equation (36) and reordering the terms, we obtain that for any xed
1 ≤ i ≤ N the following system of equations must be satised:
N∑
j=1
αiijg
ij = 0, (38)
2αjijg
jj +
N∑
k=1
α
j
ikg
ik +
∑
k 6=j
αiikg
jk = 0, (39)
2αjijg
jj +
∑
k 6=j
α
j
ikg
kj = 0, (40)
α
j
ijg
jk + αkikg
jk + 2αkijg
jj + 2αjikg
kk +
∑
l 6=i,j,k
(
α
j
ilg
kl + αkilg
kl
)
= 0. (41)
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System (38)(41) provides a neessary and suient ondition for a linear deformation
L + ϕ (with respet to an integrable oyle ϕ) to be quasi-lassial and preserve the non-
degenerate quadrati Casimir operator of L.
As example, onsider the indeomposable six dimensional nilpotent Lie algebra n given
by the brakets
[X4, X5] = 2X2, [X4, X6] = −2X3, [X5, X6] = −X1.
This algebra is trivially seen to be quasi-lassial with non-degenerate quadrati Casimir
operator C = x1x4 + 2x2x6 + x3x5.
5
The oeients of the assoiated form are
g14 = g41 =
1
2
, g26 = g62 = g35 = g53 = 1.
It an be shown that dimH2(n, n) = 30. Consider now the nontrivial oyle given by
ϕ(X1, X2) = 2X2, ϕ(X1, X3) = −2X3, ϕ(X1, X5) = 2X5, ϕ(X1, X6) = −2X6, ϕ(X2, X3) = X1,
ϕ(X2, X4) = −2X5, ϕ(X2, X6) = X4, ϕ(X3, X4) = 2X6, ϕ(X3, X5) = −X4.(42)
It an be veried that ϕ satises equation (31), and is therefore integrable. Let g = n+ϕ
be the orresponding linear deformation. With some omputation it an be shown that ϕ
satises the system (38)-(41), whih implies that the deformation g is quasi-lassial and has
C as invariant. Atually, g is isomorphi to the semisimple algebra so(2, 2), and onsidering
the maps
ft(Xi) =
1
t
Xi, (i = 1, 2, 3), ft(Xi) =
1√
t
Xi, (i = 4, 5, 6)
in g = n+ϕ, the orresponding ontration reovers n and preserves the invariant. Although
in general a deformation is not assoiated to a ontration [14℄, this example illustrates a
general result, the proof of whih follows by diret omputation:
Let L L′ be a non-trivial ontration of a quasi-lassial Lie algebra L that preserves a
non-degenerate Casimir operator C. Then there exists an integrable oyle ϕ ∈ H2(L′, L′)
suh that ϕ satises (38)-(41) and the linear deformation L′ + ϕ preserves the Casimir
operator C.
We nally remark that deforming quasi-lassial Lie algebras by means of integrable
oyles satisfying onditions (38)-(41) has the advantage of preserving the signature of the
metri. For appliations to the WZW model, this means that the signature of the spae-time
5
Here the symetrized form is simply Csymm = X1X4 + 2X2X6 +X3X5.
11
is preserved, and therefore, both the deformed and non-deformed models an be ompared
sine they are desribed by the same metri. Although a diult task in general, it would
be an interesting problem to haraterize those Lie algebras whih atually admit oyles
of this type. Work in this diretion is in progress.
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